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The mixing characteristics of a dual transverse injection system in a scramjet combustor were studied with

numerical methods. The effects of the jet-to-cross-flow momentum flux ratio and the distance between injectors on

mixing characteristics were investigated. Three-dimensional Navier–Stokes equations, including the k–! SST

turbulencemodel, were solvedwith the finite volumemethod adopting the upwindmethod of Edwards’ low diffusion

flux splitting scheme. It is shown that the mixing characteristics of a dual transverse injection system are very

different from those of a single injection system. The rear injection flow is strongly influenced by blockage effects due

to the momentum flux of the front injection flow and thus has higher expansion and penetration than the front

injection flow. The dual injection system has a higher mixing rate and a higher penetration but have more losses of

stagnation pressure than the single injection system. It is also shown that there is an optimal distance between

injectors for mixing characteristics and that the optimal distance increased as the jet-to-cross-flow momentum flux

ratio increased.

Nomenclature

D = diameter of single injection hole
J = jet-to-cross-flow momentum flux ratio
k = turbulent kinetic energy
L = half distance between injectors
M = Mach number
Ns = number of chemical species
Po = average stagnation pressure
p = static pressure
rH2

= effective radius of hydrogen
T = temperature
Y = mass-fraction
ZH2

= penetration distance of hydrogen fuel jet
� = circulation normalized by Du1
�, � = viscosity and dynamic viscosity
� = density
�H2

= standard deviation of hydrogen distribution
�s = mass diffusivity of s species
! = turbulent dissipation variable

Subscript

f = fuel jet
o = stagnation
s = chemical species
1 = inflow condition

Superscript

d = diffusion

Introduction

O NEof the critical issues for the design of a scramjet (supersonic
combustion ramjet) combustor is the mixing problem due to

the short residence time of airflow within a scramjet combustor. The

residence time of airflow in a scramjet engine is only about a
millisecond for typical flight conditions. Therefore, rapid and
efficient fuel–air mixing is necessary, while the stagnation pressure
loss and the heat loads on combustor walls must beminimized [1–5].
A conventional and reliable method of fuel injection for a scramjet
engine is a transverse injection into the supersonic airflow, because
transverse injection provides rapid fuel–air mixing and high jet
penetration into the supersonic airflow. Transverse injection into a
supersonic crossflow has been the subject of many experimental and
computational studies including mixing, combustion, ignition and
measuring technologies [6–15].

Recently, there have been many research activities [16–19] to
investigate the mixing and combustion characteristics of multiple
transverse injection systems or aerodynamic ramp injection systems.
These experimental and computational studies have reported that an
aerodynamic ramp injection system have better mixing character-
istics than a single transverse injection system and would be a
realistic method for fuel–air mixing in a scramjet combustor. The
flow field of a multiple transverse injection system in a supersonic
airflow is even more complex than that of a single transverse
injection system due to the interactions among the injection flows.
Complications of an efficient injection system setup also arise due to
many other parameters, including positioning of the each injector,
distributions of mass flow rate and momentum flux, injection angle,
and combination of injection angles. Therefore, it is very difficult to
analyze the mixing and combustion characteristics of a multiple
transverse injection system. Thus, it is necessary to investigate the
mixing characteristics of a simplified model of a multiple transverse
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Fig. 1 Schematic view of mean flowfield of dual transverse injection.
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injection system at the beginning stage. The present study chose a
dual transverse injection system as a basic model for multiple
transverse injection systems in which the injectors are located in a
line.

The flow field of dual transverse injection into a supersonic
crossflow is very complex due to various shock structures and
vortical flows around injection flows. Figure 1 shows the schematic
of the dual transverse injection. There are many shock waves: three-
dimensional bow shocks formed ahead of the front jet and ahead of
the rear jet, a separation shock generated by the interaction between
the front bow shock and boundary layer, and Mach discs. A
distinctive feature of the dual injection is that the Mach disc of the
rear jet is located at higher position from the wall and is larger than
the Mach disc of the front jet. The front jet blocks the supersonic air
flow blowing towards the rear jet. This blocking of air flow would
have significant influences on the mixing process. There are also
many vortical flow features. Vortex pairs formed along the jet flows,
horse shoe vortices, separation bubble and recirculating wake flows.
The evolution of the vortex pair is a very complex process involving
three-dimensional tilting and folding. Streamwise vortices roll up
injection flows and thus accelerate the fuel–air mixing in supersonic
flow fields [7,8,14,15,20].

The main objective of the present study is to analyze the
interactions between jet flows and to investigate the influences of
these interactions on the mixing characteristics of a dual transverse
injection system. The influences of the airflow blocking and the
evolution of streamwise vortices on mixing characteristics are
presented in detail. The most important parameters affecting the
blockage effects and the evolution process of streamwise vortices are
the distance between injectors and the jet-to-cross-flow momentum
flux ratio. There would be an optimal distance between injectors for
the mixing characteristics, and the optimal distance would change
according to the jet-to-cross-flow momentum flux ratio. Thus, the
existence of optimal condition and the changes of optimal condition
due to key parameters are discussed in detail.

The mixing parameters considered in the present study are mixing
rate, penetration distance, and stagnation pressure loss.Mixing rate is
one of the most important parameters, because the burning rate in a
scramjet combustor is mainly determined by the mixing rate. The
penetration of injectant is also an important parameter, because the
fuel should be far enough away from the combustor wall to enhance
fuel–air mixing and to avoid wall heating in a scramjet combustor.
An excessive loss of stagnation pressure should be avoided because a
loss of stagnation pressure results in a loss of thrust.

Calculation Methods

Governing Equations

Three-dimensional Navier–Stokes equations are solved to obtain
mean flow fields and the k–! SST turbulence model [21–23] is
solved to obtain turbulent viscosity. These governing equations are
expressed in vector form as follows:
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Q is the solution vector,Ej is the convection vector in the j direction,
andEvj is the viscous vector in the j direction, respectively. ST is the

turbulent source vector. Pk and P! are the source terms of the
variables k and !, respectively. The definition of turbulent viscosity
and themodel coefficients are the same as those ofMenter’s k–!SST
turbulence model. For details, refer to Menter [21]. A model for the
dilatation–dissipation term suggested by Wilcox [23] is included to
predict the compressibility effects.

Three chemical species (nitrogen, oxygen, and hydrogen) are
considered for calculating the mixing process. These species are
assumed to be ideal gases. The thermodynamic state equation for
ideal gas is expressed as

p� �T
XNS

s

Ys

Ws

; where ��
XNS

s�1

�s (2)

The symbol Ws denotes the molecular weight of species s. The
diffusion velocity of each species is determined by Fick’s law as

Ysu
d
sj ���s

@Ys

@xj
(3)

where the coefficient �s is the diffusivity of species s.
The formula and data of viscosity, thermal conductivity and binary

diffusivity were taken fromReid et al. [24], where the intermolecular
potential function was the Lennard–Jones 12-6 potential. The
viscosity of a pure gas was obtained from the Chapman–Enskog
equation, and the viscosity of a gas mixture was calculated using the
Wilke law. The thermal conductivity of a pure gas is obtained from
the Eucken method and the thermal conductivity of the gas mixture
was calculated by the Wassiljewa equation modified by Mason and
Saxena. The diffusivity of a binary gas mixture is determined by the
Chapman–Enskog equation, and the diffusivity of a gas in the gas
mixture is determined by the Blanc’s law. Turbulent diffusivity and
turbulent conductivity are obtained from the turbulent viscosity. The
turbulent Prandtl number and turbulent Schmidt number were both
0.9.

A finite volume method is used to discretize the governing
equations. The inviscid fluxes were discretized in third order spatial
accuracy according to the low diffusion flux splitting scheme of
Edwards [25]. The diffusion vectors are discretized with second
order central difference scheme. Time integration was performed
using the lower upper symmetric Gauss Seidel scheme [26].

Geometry of Models and Grid Systems

In the present study, two kinds of injector models are considered.
Model S is the canonical model with an injection hole located at the
origin of the coordinate system. Model DN is a model with two
injectorswhere the numberN stands for the half distance between the
two injectors. The two injectors are symmetrically located with
respect to the origin. For instance, in model D3, the front injector is
located at x��3D and the rear injector is located at x� 3D, thus
the distance between injectors is 6D. In the present study, six cases of
dual injection systems are considered: D1, D2, D3, D4, D5, and D7.

Figure 2 shows the geometries and grid systems near the injection
hole of the model combustors. The diameter of the circular injection
hole in the single injection system (D) is 3.18 mm (as same as that of
Gruber’s experiment [15]). The length of the combustor model is
�43� N� �D (8D before the front injection hole and 35D after the
origin), thewidth is 10D, and the height is 12D. The round jet ismade
with a numerical technique as follows:

wwall � f�r�af; f�r� �
8<
:
1; r � R � �������������
R � r

p
=

���
�

p
; R � � � r � R

0; r > R

(4)

The symbolwwall denotes the vertical velocity of the fuel jet through
the injection hole, the symbol af denotes the sonic speed of the fuel
jet, the symbol r denotes the distance from the center of the injection
hole, the symbol R denotes the radius of the injection hole and the
symbol � is the thickness of the boundary layer. The boundary
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thickness is 0:2D as recommended in Lee and Mitani [20]. The grid
points are clustered towards the boundary of the injection hole in
order to make the cross-sectional shape of the jet a circular one as
illustrated in Fig. 2d.

The number of grid points (NG) of model S is
604; 500��155	x
 � 60	y
 � 65	z
�. The number of grid points of
the y–z plane of a model DN is same as that of model S. The number
of grid points in the x direction of a model DN is determined
considering the model number N or the distance between injectors:

180 for model D1 (NG � 702; 000), 189 for model D2
(NG � 737; 100), 198 for model D3 (NG � 772; 200), 203 for
model D4 (NG � 791; 700), 205 formodel D5 (NG � 799; 500), 209
for model D7 (NG � 815; 100). Eighteen grid points are placed
within each injection hole in the x direction and 11 grid points are
placed within each injection hole in the y direction, also grid points
near an injection hole were clustered to maintain the smooth
distribution of grid points. The grid points are clustered towards the
wall to ensure that the first grid point away from the wall is placed
within the viscous sublayer (y� � u�y=� < 5).

Flow Conditions and Boundary Conditions

The airflow conditions at the infinite far fields are those of Mach 6
flight at 35 km altitude in the standard atmosphere, where the static
pressure and temperature are 559 Pa and 237 K, respectively. The
inlet conditions are calculated with the isentropic relations
considering that the flow at the infinite far field is decelerated
down to Mach 2 at the inlet of a scramjet combustor. The static
pressure and temperature of the airflow at the inlet position are
146.6 kPa and 1081K, respectively. The fuel is hydrogen. The fuel is
vertically injected into the airflow at sonic condition. J is one of the
most important parameters determining mixing characteristics. J is
defined as follows:

J � ��V2�f
��V2�1

� ��pM2�f
��pM2�1

(5)

In the present work, a parametric study was conducted with a
variation of the magnitude of J from 1.0 to 2.0. The stagnation
temperature of the hydrogen fuel is 600 K, and the static pressure.
The static pressure of the jet is determined by Eq. (7). Then, the
temperature and density are determined by the isentropic relations.
The flow conditions of the front injection and the rear injection are
the same to each other. The total mass flow rate of a dual injection
system is the same as the mass flow rate of a single injection system.
The flow rate is controlled with the area of the injection hole, thus the
diameters of the dual injection holes are the same and are determined
as follows:

Dfront �Drear �
D���
2

p (6)

Calculations are conducted on the half-domain with respect to the
symmetric plane of the injection hole in order to reduce computation
time. The top surface and right surface of the computational domain
are treated as open boundaries. The solid wall is treated as a constant-
temperature no-slip wall. The wall temperature is fixed to the inflow
air temperature. The boundary conditions of the turbulencemodel on
solid walls are as follows:

k� 0; !� 10
6�

	�
1��y1�2

(7)

where �y1 is the distance of the first grid point from wall. The
turbulent viscosities of the inflow and the jet flow are both 0.01 times
the laminar viscosity of the inflow air as recommended by Menter
[21].

Code Validation

The computational code used in the present study is the same used
in the previous study [20]. In that work the validation study was
conducted and discussed in detail. The calculation results with the
present code are compared with the experimental results of Gruber
et al. [15] Thewall pressure along the center axis (y� 0) and thewall
pressure around the injection hole are calculated with the present
computational code. Also, a grid independence study was performed
with two additional grid resolutions. The number of grid points of the
second grid system is 46% of the primary grid system, while the
number of grid points of the third grid system is 180% of the primary
grid system. Even the calculation on the second grid system with the
smallest number of grid points showed almost the same results as the

Fig. 2 Grid systems: a) whole grids ofmodel D3; b) grids near injection

hole in model S; c) grids near injection hole in model D3; and

d) numerical formation of round jet flow in Cartesian grid system.
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experimental results of Gruber et al. except for a small region in front
of the injection hole; the largest difference is about 9% of the
experimental datum. The calculation on third grid system showed
almost same results as those on the primary grid system; the largest
difference is about 3% of the experimental datum. Thus, it can be
stated that the present computational code is a credible one and the
present grid system have enough number of grid points. For details,
refer to Lee and Mitani [20].

Results

Overall Mixing Characteristics

To compare the overall trends of the mixing characteristics
between the dual injection systems and the single injection system,
the distributions of injectant mass fraction are plotted in Fig. 3.
Figures 3a and 3b compare the mixing processes between model S
and model D4 when the magnitude of J is 1.0, while Figs. 3c and 3d
compare the mixing processes betweenmodel S andmodel D4when

the values of J is 2.0.
The case with a higher magnitude of J has a higher penetration of

injectant into the airflow and a higher maximum mass fraction of
hydrogen at a cross section plane. Considering that the case with a
higher mixing rate have a lower maximum mass fraction of fuel
[20,27–29], the casewith a highermagnitude of J has slower fuel–air
mixing. The penetration in model D4 is higher than in model S and
themixing rate inmodelD4 is higher than inmodel Swhen the values
of J are the same. What is the reason of the mixing augmentation of
the dual injection system with respect to that of the single injection
system? It is noticed that the rear injection flow in a dual injection
system has a higher flow expansion than the front injection flow and
even higher than the single injection flow. This might have been the
result of the “blockage effect” in which the front injection flow
blocks the airflow towards the rear injection flow leading to a
reduction of the momentum of the airflow. Thus the effective jet-to-
crossflow momentum flux ratio of the rear injection flow increased,
which assists the rear injection flow stronger expansion.

To investigate the blockage effects in detail, the pressure fields
near the injection holes in the x–z plane are plotted in Fig. 4. The
figures in the left column show the pressure fields when the
magnitude of J is 1.0, while the figures in the right column show the
pressure fields when themagnitude of J is 2.0. The case with a higher
magnitude of J show stronger shock waves and thus higher pressure
jumps due to stronger interactions between airflow and injection
flow. In a general sense, the strengths of the shockwaves ahead of the
rear injection flows are weaker than near the front injection flows,
which implied that the front injectionflows blocked the airflowahead
of the injection flows and assisted the rear injection flows to expand
more strongly. On the other hand, the structures and strengths of the
shock waves near the rear injection flow are closely related to the
distance between injectors, while the structure and strength of the
shock waves near the front injection flows are maintained regardless
of the distance between injectors. The strength of the shock waves
over the rear injection flows decreased but the strength of the shock

Fig. 3 Comparisons ofmixing process between single injection systems

and dual injection systems. Drawn quantity is hydrogen mass-fraction.

The values higher than 0.3 are cut off.

Fig. 4 Comparison of pressure fields near injection holes. The darker

region has higher pressure. The highest pressure is 6:7p1.
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waves near the front of the rear injection flows increased as the
distance between injectors increased. These two contrary variations
of shock structures suggested that there would be an optimal distance
between injectors for blockage effects.

It is well known that a significant parameter determining mixing
characteristics is the height of the Mach disc [6–8]. Figure 5 shows
the variations of the height of theMach disc due to themagnitude of J
and due to the distance between injectors. The case with a higher
magnitude of J shows a higher height of the Mach disc and a larger
difference of the height of the Mach disc between the front and rear

injection flows. The height of theMach disc of the rear injection flow
is strongly related with the distance between injectors, while the
height of the Mach disc of the front injection flows is maintained
regardless of the distance between injectors. TheMach disc height of
the front injection flow in the dual injection system is smaller than
that of the single injection system because the diameter of injection
hole of the dual injection system is smaller than that of the single
injection system as mentioned in Eq. (6). The heights of the Mach
discs of the rear injection flows are higher than those of the front
injection flows, which is due to the blockage effects previously
mentioned. Model D2 shows the highest height of the Mach disc of
the rear injection flows when the magnitude of J is 1.0, while model
D3 shows the highest height of the Mach disc of the rear injection
flowswhen themagnitude of J is 2.0. This suggests that the blockage
effects increased and thus the optimal distance between injectors for
mixing characteristics increased with increasing J.

Streamwise Vorticities

It is well known that streamwise vorticity has a great influence on
the mixing process in high-speed flows [27–31]. To represent the
effects of streamwise vorticity as a scalar in a y–z plane the
circulation is considered. The definition of the normalized circulation
is expressed in the following form:

��x� � 1

Du1

I Z ����@v@z �
@w

@y

����dy dz (8)

The histories of circulation of all models are compared in Fig. 6. The
strength of circulation is closely related to the magnitude of J (jet-to-
crossflow momentum flux ratio). The case with a higher magnitude
of J has a stronger streamwise vorticity, which might have been due
to the stronger flow deflections by the shock waves and expansion
waves. Another possible reason is that the case with a higher
magnitude of J has a higher density and thus produced stronger
baroclinic vorticity [27–29]. There are two jumps of circulation in a
dual injection system at the front and the rear injection holes, while
there is a single jumpof circulation in the single injection system. The
first peak of the circulation in the dual injection system is smaller than
the peak of the single injection system because the diameter of
injection hole of the dual injection system is smaller than that of the
single injection system. The circulation of a dual injection system is
higher than of the single injection system, which suggested that a
dual injection system would have better mixing characteristics than
the single injection system. The strengths of the first jumps in dual
injection systems are consistent from case to case. The strengths of
the second jumps increased as the distance between injectors
increased until a critical distance, and then decreased after that
critical distance. This suggests that there is an optimal distance
between injectors for streamwise vorticity and thus mixing
characteristics.

Mixing Rates

Themixing rate is one of the most important parameters of mixing
characteristics because the combustion process in supersonic flow
fields strongly depends on themixing process. Even though there are
many definitions ofmixing rate, in the present study, the definition in
the articles [20,27–29] is used for the comparison with the previous
experimental and numerical results. This definition of mixing rate is
based on the decay rate of the maximum mass-fraction of fuel.
Figure 7 shows the comparison of mixing rates. The decay rate of the
maximum mass-fraction of the injectant in an injection system is
drastically changed at the near fields but is almost linear on the log–
log scale at the farfields. This is due to the fact that themixing process
largely depended on flow convection at the near fields but on mass
diffusion at the far fields. Therefore, there is a transition from a
convection-dominated regime to a diffusion-dominated regime
because there are no flow-acceleration mechanisms at the far field
[27,28].

The mixing rates of the dual injection systems are higher
regardless of the magnitude of J compared with the single injection
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system due to higher circulations. As mentioned in the previous
articles [20,27–31], streamwise vorticity, or vortex pair, produces a
large convection flow in the plane perpendicular to the streamwise
direction and promotes fuel–air mixing and thus a higher mixing rate
largely depended on a higher streamwise vorticity. Mixing rates are
closely related to the magnitude of J. The case with a lower
magnitude of J shows a faster mixing than with a higher magnitude
of J. This is due to the fact that a smaller magnitude of J has a weaker
inertia of jetflow and thus the airflow couldmore easily disturb or stir
the jet flow with a lower magnitude of J. Also, the mixing rate of a
dual injection system depended on the distance between injectors.
Model D3 show the fastest mixing when the magnitude of J is 1.0,
while model D4 show the fastest mixing when the magnitude of J is
2.0. This shows the same trend in the analyses of the circulations.
These facts suggested that the there is an optimal distance for mixing
rates and that this distance increased as themagnitude of J increased.

The concept of mixing efficiency [11,19] is adopted to quantify
mixing capabilities. Mixing efficiency is defined as follows:


m�x� �
I Z

YH2
�u dy dz

�I Z
Yr
H2
�u dy dz (9a)
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�
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�
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; YH2
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(9b)

where Ystoic
H2

stands for the stoichiometric mass fraction for a
hydrogen–air mixture. Figure 8 shows the variation of mixing
efficiency due to the magnitude of J and due to the distance between
injectors downstream at x=D� 25 and x=D� 35. The mixing
efficiency of a dual injection system is higher than of the single
injection system, which is consistent with the results of Jacobsen
et al. [19] The case with a higher magnitude of J have a lower mixing
efficiency due to a higher inertia as mentioned above. The mixing
efficiencies at x=D� 35 are higher than at x=D� 25, which implied
that mixing progressed as the flows went downstream. However, the
variation pattern of mixing efficiency due to the distance between
injectors is well maintained. There is a strong relationship between
mixing efficiency and the distance between injectors.ModelD3 have
the highest mixing efficiency when the magnitude of J is 1.0, while
model D4 have the highest mixing efficiency when the magnitude of
J is 2.0. These facts suggested that the there is an optimal distance for
mixing efficiency and that the optimal distance increased as the
magnitude of J increased.

The concepts of the effective radius of hydrogen fuel and the
standard deviation of effective radius are introduced in order to
estimate the relationship between mixing rates and hydrogen flame
structures. The case with a larger effective radius would have a wider

distribution of hydrogen, while the case with a larger standard
deviation would have a more complex structure or a wider contact
surface between the hydrogen fuel and air. The definitions of the
effective radius of hydrogen fuel and the standard deviation are as
follows:

rH2
�x� �

I Z
�H2

jr � cj dy dz
�I Z

�H2
dy dz (10a)

�2
H2
�x� �

I Z
�H2

�jr � cj � rH2
�2 dy dz

�I Z
�H2

dy dz (10b)

The vectors r and c are the position vector at a location in a y–z plane
and the position vector of the mass center of hydrogen, respectively.
Figure 9 shows the comparison of the effective radii of hydrogen
flames in a y–z plane. The first peak of the effective radius in the dual
injection system is smaller than the peak of the single injection
system because the diameter of injection hole of the dual injection
system is smaller than that of the single injection system. The
effective radii are related to the magnitude of J but the degree of
variation is relatively small considering that the case with twice the
magnitude of J has twice the mass flow rate. The case with the J
magnitude of 2.0 has a slightly larger effective radius and a slightly
larger standard deviation than with the J magnitude of 1.0. This
meant that the relative mixing rate decreased as the magnitude of J
increased, which is consistent with the analyses of mixing rate and
mixing efficiency mentioned in the above paragraphs. The effective
radius is also strongly related to the distance between injectors.
Model D3 have the largest effective radius of hydrogen fuel when the
magnitude of J is 1.0, while model D4 have the largest effective
radius of hydrogen fuel when the magnitude of J is 2.0. It should be
noted that model D3 have a larger standard deviation than model D4
when the magnitude of J is 2.0, which implied that model D3 have a
relatively wider contact surface between hydrogen and air and that
the mixing capability of models D3 and D4 would be competitive
with each other. These facts are consistent with the analyses of
mixing rates and mixing efficiencies. Thus, the effective radius and
its standard deviation are good indicators of mixing capabilities.

Penetrations

Injected fuel must penetrate high enough into the crossflow in
order to minimize wall heating and to maximize combustion
efficiency. Penetration distance is estimated with the center of mass
of the fuel from the lower wall as follows:

ZH2
�x� �

I Z
�H2

z dy dz

�I Z
�H2

dy dz (11)
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Figure 10 shows the comparison of penetrations of fuel into the
airflow. The reference location z� 0 is the lower wall. In every case,
the penetration distance increased rapidly immediately after the
injection, but the increasing rate of penetration gradually decreased
and finally became a constant at the far field.

The dual injection system has a higher penetration than that of the
single injection system. The penetration distances are closely related
to the magnitude of J. The case with a higher magnitude of J has a
higher penetration than with a lower magnitude of J. This is due to
the fact that the jet flow with a higher magnitude of J has a stronger
inertia force relative to the crossflow than with a lower magnitude of
J. There is a strong relationship between penetration and the distance
between injectors. Model D3 have the highest penetration when the

magnitude of J is 1.0, while model D4 have the highest penetration
when themagnitude of J is 2.0. These facts suggested that the there is
an optimal distance for penetration and that the optimal distance
between injectors for penetration increased as the magnitude of J
increased.

Stagnation Pressure Losses

Generally, the mixing process produces a loss of stagnation
pressure that results in a loss of thrust. Therefore, it is worth
determining if there are additional losses of stagnation pressure due
to mixing augmentation. The definition of average stagnation
pressure in the y–z plane is expressed in the following form:

Po�x� �
I Z

po�u dy dz

�I Z
�u dy dz (12a)

ln
�
po

p

�
� 1

R

Z
To

T

cp
T

dT

where

Z
To

0

cp dT �
Z

T

0

cp dT � 1
2
�u2 � v2 � w2� (12b)

Figure 11 shows the histories of average stagnation pressures
along the streamwise direction normalized by the stagnation
pressures of the air inflow. All models show very similar histories of
stagnation pressures; stagnation pressure slowly decreased in the
region before the front injection holes but began to decrease very
steeply in the region right after the injection holes. These rapid
decreases of stagnation pressure are due to the shock waves in front
of the jet flows and the fuel–air mixing.

Stagnation pressure losses are strongly related to the magnitude of
J. The case of a higher magnitude of J showsmore loss of stagnation
pressure, which is due to stronger shock waves and stronger
streamwise vorticity. In general, the dual injection systems have
more losses of stagnation pressure than the single injection system.
However, the increase of stagnation pressure losses in dual injection
systems are not so great considering the mixing enhancement with
respect to that of the single injection system. Model D1 shows less
loss of stagnation pressure than of the single injection system and is
an exceptional case. This can be explained with the analysis of
mixing rates. Model D1 did not show a much higher mixing rate and
penetration than the single injection system. The strengths of the
shockwaves in front of the injection flows are alsomuchweaker than
the single injection system. It should be noticed thatmodel D7 shows
more loss of stagnation pressure even though there are weak
augmentations of mixing characteristics with respect to that of the
single injection system. This may have been due to the fact that the
rear injection flow suffered strong interaction between the airflow
and the injection flow because of the weak blockage effects.
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Fig. 9 Comparison of effective radii of fuel in y–z plane.
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Conclusion

In the present study, themixing characteristics of a dual transverse
injection system in a scramjet combustor were studied using
numerical methods. Two kinds of parametric studies were conducted
in order to investigate the variations ofmixing characteristics due to J
and due to the distance between injectors.

The mixing characteristics of a dual injection system are very
different from those of a single injection system. The rear injection
flow in a dual injection system is strongly influenced by the front
injectionflow.The rear injectionflowhas a higher expansion than the
front injection flow due to the blockage effects, which resulted in
better mixing characteristics: higher mixing rates and higher
penetrations of fuel jet into the airflow. There is an optimal distance
between injectors for blockage effects and the optimal distance
increased as the magnitude of J increased.

Themixing characteristics are closely related to J. The case with a
higher magnitude of J shows a higher penetration but a slower
mixing. Also, the mixing characteristics are closely related to the
distance between injectors in the dual injection systems. The mixing
rates and penetrations increased as the distance between injectors
increased until a critical distance but then decreased after that critical
distance. Thus there existed an optimal distance between injectors for
mixing characteristics, which coincidedwith the optimal distance for
the blockage effects. The optimal distance between injectors for
mixing characteristics increased as the magnitude of J increased.

Stagnation pressure losses are strongly related to the magnitude of
J. The case of a higher magnitude of J showsmore loss of stagnation
pressure. A dual injection system suffered more loss of stagnation
pressure with respect to the single injection system. The case with a
higher mixing rate and a higher penetration suffered more loss of
stagnation pressure. However, the increased losses of stagnation
pressure of dual injection systems are not so great considering the
mixing enhancement with respect to that of the single injection
system.
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